Geometry of representation spaces in SU(2) 
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t-s Abstract 

These notes of a course given at IRMA in April 2009 cover some 
aspects of the representation theory of fundamental groups of mani- 
r_| folds of dimension at most 3 in compact Lie groups, mainly SU(2). We 

^ give detailed examples, develop the techniques of twisted cohomology 

• and gauge theory. We review Chern-Simons theory and describe an 

> integrable system for the representation space of a surface. Finally, we 

£h explain some basic ideas on geometric quantization. We apply them 

, ^ , to the case of representation spaces by computing Bohr-Sommerfeld 

orbits with metaplectic correction. 
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1 Introduction 

Representations of fundamental groups of manifolds of dimension 2 and 3 
in a compact Lie group have a long history. In the case of surfaces, they 
appeared after the development of Teichmuller theory, for instance to classify 
holomorphic vector bundles. In the case of 3-manifolds, they were used to 
help distinguishing 3-manifolds, as knot complements or for geometrization 
purposes. Then, in the eighties, representations of surfaces were much studied 
for their symplectic properties until Witten discovered a deep relationship 
between these representation spaces and the Jones polynomial of knots, via 
Chern-Simons quantum field theory. This field is still very lively and these 
notes were written as a preparation for understanding this relationship. We 
planned to give a quick review of the geometric aspects of the representation 
spaces. 

In a first part, we give some examples of representation spaces for surfaces 
and knots. They will help the reader to understand the second part where we 
introduce the basic tool in order to understand the differential geometry of 
representation spaces : twisted (co) homology. We give a brief account on the 
symplectic structure on surfaces and on Reidemeister torsion. We introduce 
gauge theory in the third part and review the symplectic structure of surface 
representations in this context. This third part is mostly an introduction to 
the fourth where we explain the basic constructions of Chern-Simons theory 
and its applications to the geometry of representation spaces. The fifth part 
studies in more details the representation space of a closed surface of genus 
at least 2 by introducing trace functions and a related integrable system. In 
the last part, we give an introduction to geometric quantization, insisting on 
Lagrangian fibrations and spin structures. With the help of some examples, 
we treat the case of representation space of surfaces. 



2 Examples of representation spaces 
2.1 Generalities on SU(2) 

We define the group SU(2) as the group of matrices M e M(2, C) satisfying 

T 

MM = 1 and detM = 1. We can write this set alternatively as 
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This last description shows that SU(2) is topologically a sphere S* 3 . 

We often look at SU(2) as the unit sphere in the space of quaternions EI 
where the standard generators are the following 

These generators also form a basis of the Lie algebra su(2) of SU(2). Observe 
the following elementary fact: given M G SU(2), there is a unique if G [0, ir] 

f e iip \ 

such that M is conjugate to I ^_ i(p J . We will call ip the angle of M, it 

can be easily computed via the formula Tr(M) = 2cos(y2). We will define 
ang(M) = arccos(Tr(M)/2). 



2.2 Generalities on representation spaces 

Let T be a finitely generated group. For our purposes, T will be the funda- 
mental group of a compact manifold or of a finite CW-complex. We denote 
by 1Z(T, SU(2)) the set of homomorphisms from T to SU(2). 

As T is finitely generated, say by t 1: . . . , t n , any element p G TZ(T, SU(2)) 
is determined by the image of the generators. This gives an embedding of 
7£(r,SU(2)) into SU(2) n sending p to the family (At = p{U))i< n . Moreover, 
let Ri, . . . , R m be a generating family of relations for T. A family (Ai) defines 
a representation if and only if Rj(A,j) = 1 for all j G {1 . . . m}. Here are two 
easy consequences: 

1. 7£(r, SU(2)) is a topological space (as a subspace of SU(2) n ). 

2. 1Z(T, SU(2)) is a real algebraic variety as SU(2) is algebraic and re- 
lations are algebraic maps. More precisely, SU(2) may be defined as 
{(x,y, z,t) G R 4 ,x 2 +y 2 + z 2 +t 2 = 1} putting a = x+iy and (3 = z + it. 

It is easy to verify that these structures do not depend on the choices of 
generators and relations. 

We will say that two representations p,p' are conjugate if there is M G 
SU(2) such that ft = MpM' 1 . We denote by «M(I\SU(2)) the set of con- 
jugacy classes of representations, or the quotient 1Z(F, SU(2))/SU(2). This 
construction allows us to define M(X,SXJ(2)) = M(n 1 (X),SXJ(2)) for any 
topological space X. The ambiguity in tci(X) is precisely described by a 
conjugation and hence disappear in the quotient. We deduce the following 
consequences for M.(X, SU(2)) where tti(M) is finitely generated: 
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1. A4(r,SU(2)) is a topological space (quotient topology). 

2. A4(r, SU(2)) can be given a structure of a real algebraic variety, but 
we will not deal with this topic in these notes. 

2.3 Basic examples 

Let us remove SU(2) from our notation. Our first example is MiS 1 ) which 
is the set of conjugacy classes of SU(2). It is homeomorphic to [0, ir] via the 
angle map. The two boundary points correspond to the conjugacy classes of 
the central elements ±1. 

Let X = S 1 V S 1 . Then M(X) = {(A, B) G SU(2) 2 }/SU(2) is the set of 
conjugacy classes of pairs of matrices. Let (p and tp be the angles of A and B 

fe i<f \ 

respectively. One can suppose up to conjugation that A — I ^_ iip I and 

that there exists P G SU(2) such that B = P ^ J!^ P" 1 . Multiplying 
fe iy \ 

P on the right by I ^_ iy j do not change B whereas multiplying P on the 

f e ix \ 

left by I ^_ ix I conjugates B by a matrix which do not act on A by con- 
jugation. Given P = _j^J , we compute ^ g P ^ 6 Q ®_ iy 

ae i(x+y) _~0 e i(x-y)\ 

p e i{ y -x) ^ e -i(x+ y ) )■ % settin S x + V = -axg(a),x - y = arg(/3) one 

can suppose that a and (3 are real and non negative. We compute B = 

o-V^ + B 2 e~^ aBle^ - e"^)\ 
n , , v ,s \. 9 .< . This formula describes all possible val- 

ap(e irp - e IV ) B e w + ere %v J 

ues of B where a,B >0 and a 2 + B 2 = 1. To show that all these pairs (A, P) 
are not conjugate, we compute Tr(AB) = e iip {a 2 e^ + B 2 e~^) + e~^(/3 2 e^ + 
Q,2 e -#) = 2a 2 cog ^ + ^) + 2/3 2 cos(v? - ^). 

Let i] G [0, 7r] be the angle of AB. We see that cos(^) is a convex com- 
bination of cos((/9 + ip) and cos(y? — iff). We deduce that 77 belongs to the 
interval [\ip — ip\, min(</? + if), 2ir — ip — ip)]. 

We can sum up our computations in the following proposition: 

Proposition 2.1. The map from M^S 1 V S 1 ) to {{(p,ip,rf) G [0,7r] 3 ,y? + 
ip + i] < 27T, f < ip + < ip + i],ri < ip + ip} sending [A, B] to the triple 
(ang(A) , ang(B) , ang(AB)) is an homeomorphism. 
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The symmetry between ip,ip,r] can be explained by replacing X with a 
pair of pants E, that is a disk with two holes. The three angles ip, ip, 77 are the 
angles of the three boundary components, and the inequations they satisfy 
are symmetric with respect to these coordinates. In Figure 2J3 is represented 
the moduli space Ai^S 1 V S 1 ) where axes correspond to the angles of A, B 
and AB. Notice that the corners of this tetrahedron correspond to central 
representations whereas its boundary corresponds to abelian representations. 



Figure 1: The moduli space of a free group with two generators 



Our last easy but important example is the torus S 1 x S 1 . One sees that 
MiS 1 x S 1 ) = {(A, B) G SU(2) 2 , AB = BA}/SXJ(2). 

The map sending (<p,ip) G !R/27rZ x IR/27rZ to the representation defined 
e iv \ , , fe^ 



by A = ^ q e~ iv J anC ^ ^ = y J * S sur j ec ^ ve as ^ wo commu t- 

ing matrices are simultaneously diagonalizable. Moreover, if two pairs (ip, ip) 
and (ip', ip') are conjugate then either (ip' , ip') = (ip, ip) or (ip' , ip') = (—p, —ip). 
One deduces that Aii^S 1 x S 1 ) is homeomorphic to the torus (M./2tiZ) 2 quo- 
tiented by the involution (p, ip) i-» (—ip, —ip)- This is a sphere with 4 conical 
points of angle 7r corresponding to representations with values in {±1}. This 



moduli space appears as the boundary of the tetrahedron in Figure 2.3 



With the same proof, we show that ^(S 1 x S 1 x S* 1 ) is homeomorphic 
to (M/27TZ) 3 // where I(ip,ip,rj) = (-ip, -ip, -rj). 
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2.4 Some representations of knot complements 

Let us look at two families of knots whose fundamental groups have the 
property of being presented by two generators and one relation, which makes 
the study of their representation space much simpler than the general case. 
Before going further, let us introduce some terminology. 

Definition 2.2. Let X be a topological space and p G TZ{X) a representa- 
tion. 

1. If p takes values in {±1}, we will say that p is central. 

2. If the image of p is contained in an abelian subgroup of SU(2), we will 
say that p is abelian. 

3. In the other cases, p will be said irreducible. 

These definitions are invariant by conjugation hence we will use the same 
terminology for elements of M.(X). A central representation is given by 
an homomorphism from tti(X) to Z/2. These representations are in bi- 
jection with H l (X, Z/2). An abelian representation is given by an homo- 
morphism from 71"! (X) to S 1 , hence these representations are in bijection 
with H l (X, S 1 ). However, as in the case of the torus, the inversion map 
I : S 1 — > S 1 induces a map 7* on H l (X, S 1 ) and conjugacy classes of abelian 
representations are in bijective correspondence with S l )/I*. 



2.4.1 Torus knots 

Let F((p, ifi) = ((2 + cos if) cos if), (2 + cos ip) sin if), sin if) be the standard em- 
bedding of (M/27TZ) 2 in R 3 . 

Given a, b two positive and relatively prime integers, we define the torus 
knot T(a,b) as the image of the embedding t h- >■ F(at,bt). One can see on 



Figure |2.4.1 the example of T(5, 2). 

Let us look at this knot in S 3 = M 3 U{oo}. The complement of T(a, b) cut 
along the torus supporting the knot has two components which are solid tori. 
Their intersection C is the complement of the knot inside the torus which is 
an annulus, hence connected. Then the Van-Kampen theorem asserts that 
G a ,b = ni(S 3 \ T(a,b)) = (u,v\u a = v b ). One can show indeed that the 
generator of n\ (C) has order a in one side and b in the other, which gives the 
expression of G a ,b- 
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Figure 2: A torus knot 



Let p : G a £ —> SU(2) an irreducible representation. Then p{u a ) = p(v b ) 
commutes with the image of p and hence has to belong to the center. We 
deduce that p{u) 2a = p(v) 2b = 1. 

Then, the angle of p{u) takes the values kn /a for < k < a and the angle 
of p{v) take the values lir/b for < I < b. As p{u a ) = (-l) k = p{v b ) = 
one has k = I mod 2. The angle of p(uv) determines the representation and 
takes its values in the non trivial interval 7c[\k/a — l/b\,min(k/a + l/b, 2 — 
k/a — l/b)]. Hence the irreducible part of Ai(G a ^) is a disjoint union of (a — 
l)(b — l)/2 arcs. The ends of these arcs are made of abelian representations 
which we describe know. To find abelian representations, one can suppose 
that p{u) and p(v) are diagonal with angle (p and ip respectively. Then the 
angles should satisfy cup = bip mod 2n. We obtain all solutions by taking 
(p — bt,ip — at and letting t in [0, 7r]. The ends of the irreducible segments 



are equally reparted on the reducible segment as in Figure 2.4.1 where we 



see on the left the abstract moduli space of the trefoil knot T(3, 2) and on 
the right, the way it is embedded in the tetrahedron. 



2.4.2 Two-bridge knots 

A two-bridge knot is a knot in M. 3 which is in Morse position relatively to 
some coordinate and has only 2 maxima and minima. 

All 2-bridge knots can be put in a standard projection called Schubert 
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Figure 3: Moduli space of the trefoil 



normal form, see [BZ951 Sch56] . Let a and b be relative integers such that 
a is positive, b is odd and the inequality —a < b < a holds. Formally, we 
define the projection of the two bridge knot B(a,b) as the unique diagram 



obtained by gluing two copies of the disc in the left hand side of figure 2.4.2 



by a diffeomorphism of the boundary circle sending pk to Pb-k for k G Z/2aZ. 
We draw on the right of the figure the example of the knot 5(5,3). 

Let H a f, be the fundamental group of the complement of B(a,b). Then 
it has the following presentation: H a ^ = (u,v\wu = vw). In this formula, 
w = u ei v e2 ■ ■ ■ v ea ' 1 , where for all k, we set e& = (— l)L fcb / a J. 

The proof is based on Wirtinger presentation of knot groups. Removing 
the two under-bridges, that is the two copies of the segment joining p to 
Pb, we obtain two disjoint arcs which correspond to the generators u and v. 
Using Wirtinger relation at each crossing, one can label all the remaining arcs 
in the projection and the labeling is consistent providing that the relation 
wu = vw is satisfied. This explains the presentation of H a ^- For a precise 
proof, see [ BZ95[ ISch56j . 

As usual, a representation p is determined by the traces x = Trp(w) = 
Tip(v) (because u and v are conjugate) and y = Trp(w). The equality 
uw = wv is equivalent to r Ti(uwv~ 1 w~ 1 ) = 2 and this equality converts into 
a polynomial in x and y thanks to the following lemma. 

Lemma 2.3. For all A, B e SU(2) one has Tr(AB)+Tr(AB~ 1 ) = Tr(A) Tr(B). 
For any word W in A, B, there is a polynomial in three variables F\y such 



9 



Figure 4: A two-bridge knot 



that Tr(W) = F w (Tr(A), Tr(B), Tr(AB)). 

Proof. The Cayley-Hamilton identity gives B 2 —Tr(B)B+l = 0. Multiplying 
by AB~ X and taking the trace, we get the first identity. We prove the second 
assertion recursively on the length of W by applying the first identity in a 
convenient way, see for instance |CS83j . □ 

We finally proved that there exists a family of polynomials F a ^ e Z[x,y] 
such that M(H a , b ) = {x,y G 1R 2 , F a ^(x, y) = 0,x 2 - 2 < y < 2}. The 
inequality x 2 — 2 < y < 2 is the trace of the inequalities we viewed in 
the case of 5 1 V S 1 . The equality y = 2 holds if and only if uv — 1 and 
y = x 2 — 2 if and only if uv _1 = 1. This last equality occurs precisely for 
abelian representations of H a b . 

The next proposition simplifies the computation of _F a b. 

Proposition 2.4 (T.Q.T.Le). Let w be the word associated to H a ^ and set 

w n be the word w with the n first and n last letters removed. Then F a ^ = 

52n=o )/2 (- l ) nF ™n where we set F 1 = 1. 

For instance, the figure eight knot 4.1 is 5(5,3) and then one compute 
w = uv~ 1 u~ 1 v and F 5t3 = x 2 y — y 2 — 2x 2 + 3. The torus knot T(5, 2) = 5.1 = 
B(5, 1) has w = uvuv and F 51 = y 2 — y — 1. One recover the corresponding 



representation spaces on Figure 2.4.2 
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-) -I 1 2-2-1 q I : 

Figure 5: Moduli space of 4.1 and 5.1 

3 Differentiable structure and twisted coho- 
mology 

Let X be a topological space whose fundamental group is finitely generated. 
Let 7Ti(X) = (ti, . . . , t n \Ri, . . . , R m ) be a presentation. We recall that M.(X) 
is the quotient of R(X) by an action of SU(2) and that 1Z(X) is identified 
to the preimage of 1 by the map R : SU(2) n SU(2) m defined by R{A^ = 
(Rj(Ai)). The latter space will be a submanifold of SU(2) provided that R 
is a submersion on the preimage of 1. The purpose of this chapter is to use 
this argument in a systematic way. 

In what concerns the quotient, we see that the stabilizer of a representa- 
tion p has the following form: 

1. SU(2) if p is central. 

2. S l if p is abelian. 

3. {±1} if p is irreducible. 

For a good geometric quotient, we will need the stabilizer to be constant 
and moreover, the biggest part of the moduli space will correspond to the 
smallest stabilizer. All these conditions will be easily readable in the twisted 
cohomology we introduce now. 
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Definition 3.1. Let W be a finite CW-complex with a 0-cell as base point. 
Denote by W the universal covering of W and by A the ring Z[7Ti(W)]. Then, 
the cellular complex C*(W, Z) is naturally a left A- module where 7Ti(W) acts 
by deck transformations. 

Given any left A-module E, we define 

C*(W,E) = Rom A (C*(W),E) and H*{W,E) = H* (C*(W,E)) 
C*{W, E) = C*(W) ® A E and H*(W, E) = H, (C*{W, E)) 

3.1 Two examples 

Let us look at the case W = S 1 . Its universal cover is K with Z acting 
by translations. We define eo = {0} and e\ = [0,1]. These cells project 
respectively on the 0-cell and the 1-cell of S 1 . As A-modules we have 
Co^ 1 ) = A.e and C^S 1 ) = A.e x . Identifying A with Zf^ 1 ], we compute 
that dei — (t — l)e . 

An A-module is nothing more than an abelian group E with an automor- 
phism ip corresponding to the action of t. The twisted (co) homology of the 
circle is then computed from the following complexes: 

C°{S\ E)~E C\S\ E)~E 

C (S\E) ~ £^-Ci(S\£) ~ E 

where dv = (p(v) — v and d is obtained from the formula dA = (— 1)' A I +1 A o d. 
We deduce from it the isomorphisms = H^S 1 ^) = ker(Id — tp) 

and H^S 1 , E) = H (S\ E) = coker(Id - tp). 

As a first application, consider JH^S 1 ), that is the set of conjugacy classes 
in SU(2). Pick g e SU(2) not central, and consider the map c g : SU(2) — >■ 
SU(2) defined by c g (h) = hghr 1 . 

We identify once for all the tangent space of SU(2) at g to su(2) via the 
map which associates to a path g t such that go = g the derivative ^\t=ogt% 1 ■ 

Using this identification, we compute Dic g (£) = ^.It^^ge^g^ 1 = £ — 
Ad g £. From this computation, we see that the tangent space of the SU(2)- 
orbit through g is the image of the map £ — Ad 9 £. Hence, the tangent space of 
A^S* 1 ) at [g] is the cokernel of this map. We can interpret it as iJ 1 (S' 1 , Ad 9 ) 
where Ad g is a notation for the vector space su(2) with automorphism Ad s . 
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This point is indeed very general. Before attacking the general case, let 
us look at the case of W = S 1 V • • • V S 1 a pointed union of n circles. Then, 
its fundamental group is free, say it\(W) = (ti, . . . , t n ) and 1Z(W) = SU(2) n . 

We have that A4(W) = SU(2) n /SO(3) and the action is free on irreducible 
representations. 

Hence for an irreducible representation p, one has the following identi- 
fication : T[ p ]Ai(W) = coker D\c p where c p (h) = (hp\h~ l , . . . ,hp n h~ l ) and 
Pi = p{U)- We compute as before D\c p {£) — (£ — Ad Pl £, — Ad Pn £). 

On the other hand, W is a regular 2n-valent tree, and one can chose e"o 
as a lift of the base points and oriented edges e\, . . . , e" starting from e and 
representing ti, . . . , t n . As before, we have de\ = (U — l)e . We define again 
the A-module Ad p as su(2) with U acting as Ad Pi 

C°(W, Ad p ) = su(2),C 1 (H/,Ad p ) = su(2) n and d^ = D lCp (£). 

At irreducible representations, we compute H°(W,Adp) = kerd = G 
su(2), Ad Pi C, = £,} = {0} as Adp is irreducible as a representation of 7Ti(W) in 
su(2). Hence, as before we have an identification T^Ai{W) = ^(W, Ad p ). 

3.2 The general case 

Suppose W is a 2-dimensional CW-complex of the following form: 

1. 1 0-cell lifted to e 

2. n 1-cells lifted to oriented edges e\ for i < n starting at e . 

3. m 2-cells lifted to polygons for j < m with a base point at eo- 

For each 2-cell e^, one can read starting at e"o a word in generators ti repre- 
sented by the 1-cells. Denoting by Rj these words, we get a presentation of 
7Ti(W) given by 

ni(W) = (t 1 ,...,t n \R 1 ,...R m ). 

Let R : SU(2) n -> SU(2) m be the map defined for a n-tuple p = (pi, . . . , p n ) 
by R( Pl , p n ) = (R 1 (p),..., R m (p)). The space K(W) = R~\l, . . . , 1) is 
smooth at p if R is a submersion at p. Let us compute the differential of 
R by supposing m — 1. We write R(p) = pH • ■ ■ p\ k h for i\ e {1, . . . , n} and 

6l = ±l. 
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sr! ft • • • pt&Pu • ~ ft if ^ = 1 

On the other side, <9eo is the sum over I of either t £ -} ■ ■ ■ t £ - L ~ 1 eJ if £; = 1 or 

— til ' ' ' ^ = — 1- Taking the adjoint of this map to obtain a map from 
C 1 (H / ,Adp) to C 2 (W, Adp), we get exactly the same expression as in [TJ In 
conclusion, the following diagram commutes: 

T p R{W) DpR > su(2) m 

^(^Ad^^C^^Ad,) 

The map i? is a submersion at p if and only if d 1 is surjective, or equivalently 
if H 2 (W, Adp) = 0. The argument on the pointed union of circles repeats 
exactly and shows that the action of SU(2) by conjugation at p is locally 
free if d° is injective which amounts to say that H°(W, Ad p ) = 0. If both 
conditions are satisfied, then the quotient Ai(W) is a manifold at [p] and the 
tangent space identifies to kerd 1 / imd° = H l (W, Ad p ). 

3.3 Applications 

The interest of the language of (co)-homology is to use its tools, namely exact 
sequences, Poincare duality and universal coefficients. 

First, we can define relative (co)-homology of pairs as in the untwisted 
case and it fits into a long exact sequence as usual. In what concerns Poincare 
duality, we have the following generalization: given a compact and oriented 
n-manifold with boundary and a A-module E, the cap product with the 
fundamental class [M] gives an isomorphism 

H k (M, E) ~ H n _ k (M, dM; E) 

In what concerns universal coefficients, let W be a finite CW-complex, R 
be a principal ring and E a i?[7Ti(W / )]-module which is free as a i?-module. 
Then there is an exact sequence: 
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->■ Ext(H k ^(W,E),R) ->• -> # fe (Vy,£)* -> 0. 

The proof is the usual one applied to the free complex C*(W, £") whose dual 
identifies to C*(W, i?*) thanks to our hypotheses. We will use very often 
the well-known fact that the Euler characteristic of a complex and of its 
homology are the same. We deduce from it that the Euler characteristic 
of H*(W,Adp) is 3x(W) because the twisted complex is obtained from the 
standard one by tensoring by su(2) which has dimension 3. 



3.3.1 Surfaces 

Let £ be a closed surface and p G 7£(£) be an irreducible representation. 
The R[7Ti(E)]-module Ad p is free over R of dimension 3 and its dual iden- 

— T 

tifies to itself thanks to the invariant Killing form (A, B) = TiAB . We 
deduce that # 2 (£,Ad p ) ~ # (£,Ad p ) ~ iJ°(S,Ad;)* ~ #°(£,Ad p )* = 0. 
Hence irreducible representations are smooth points of A4(E, SU(2)). Writ- 
ten differently, Poincare duality states that the the following pairing is non 
degenerate. 



H^Adp) x H^AdJ-^lPfaAdp® Ad p ) ^ # 2 (£, R) — f ^R 

This gives a non-degenerate 2-form u on the irreducible part of M.(T). We 
will show later that it is a closed form, and hence that M.(Y) is symplectic. 
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3.3.2 The torus case 

This case is not covered by the previous one because all representations p on 
a torus are abelian. Before computing the corresponding cohomology group, 
recall that A^(S' 1 x S* 1 ) is covered by the map sending a pair (</?, to the 

(e itf 

representation sending the first generator to p^ = I i(p 

and the second one to p^ — ( ^ j = e 1 ^. 

Then H°{S 1 xS 1 ,Ad p ) ~ H 2 (S 1 xS\Ad p )* ~ ker(Id-p^) nker(Id-p^). 

10 \ 

In the quaternionic basis i,j,k, Ad p ^ = cos(2y?) — sin(2</?) . The 

\0 sin(2v?) cos(2y?) / 
subspace fixed by this matrix is generated by i provided that 2ip 2nZ. 
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We deduce from it that the rank of H 2 ^ 1 x S 1 , Ad p ) is constant equal to 
1 if ip or ip is not in 7rZ, or equivalently if is not central. One can apply 
the constant rank theorem to state that M.^ 1 x S* 1 ) is actually a manifold 
at all non central representations. A computation shows that the pull back 
of uj in the coordinates <p, ip is dp A dip. 

3.3.3 3-manifolds with boundary 

Let M be a 3-manifold with boundary, and p G TZ(M). The following ex- 
act diagram is a piece of the sequence of the pair (M, dM), where vertical 
isomorphisms are given by Poincare duality. 

H\M, Ad p ) H l (dM, Ad p ) -fU. H 2 (M, dM; Ad p ) 

H 2 (M, dM; Ad p )* H\8M, Ad p )* — H\M, Ad p f 

We read from this diagram that rk/3 = rka*. Standard linear algebra says 
that rka* = rka and the exactness of the first line gives rka = dimker/3. 

One deduce from it that dim.H 1 (dM ) Ad p ) = rk/3 + dimker/3 = 2rka 
whereas rkH 1 (M, Ad p ) = rk a + dim ker a = \ dimif 1 (<9M, Ad p ) -l-dimker a. 

It implies that the three following properties are equivalent: 

1. The map H\M, Ad p ) ->■ H\dM,AA p ) is injective. 

2. The map H\M, dM; Ad p ) ->■ H\M, Ad p ) vanishes. 

3. dim H\M, Ad p ) = \H\dM; Ad p ). 

We deduce from these computations the following result. 

Let p G 1Z(M) a representation. We will call it regular if it is irreducible 
and satisfies the equivalent properties above. 

Theorem 3.2. Regular representations are smooth points oflZ(M) and the 
restriction map JA(M) — > Ai(dM) is a Lagrangian immersion when re- 
stricted to regular representations and corestricted to irreducible (non central 
in the torus case) representations. 
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Proof. Let p be a regular representation in TZ(M), and consider a CW- 
complex W on which M retracts. Then, the differential d in the complex 
C*(W,Ad p ) is the derivative at p of equations defining 1Z(M). The corank 
of this derivative is equal to the dimension of H 2 (W, Ad p ) = H 2 (M, Ad p ) : 
we will see that the conditions for a representation to be regular are equiva- 
lent to the condition that H 2 (M, Ad p ) is as small as possible, and hence will 
ensure that 1Z(M) is smooth at p. 

As p is irreducible, H°(M, Ad p ) = and the computation of Euler char- 
acteristic gives x(M)dimsu(2) = - dim if 1 (M, Ad p ) + dim H 2 (M, Ad p ). We 
deduce from that formula that H 2 (M, Ad p ) is as small as possible if and only 
if the same is true for H l (M, Ad p ). We have proved that dim if 1 (M, Ad p ) = 
2 dim H l (dM) + dim ker a where a is the natural map from H l (M, Ad p ) to 
H\dM, Ad p ). 

By assumption, the restriction of p to the boundary is in the smooth part 
of TZ(M), hence the dimension of if 1 (9M, Ad p ) do not change. The condition 
of regularity is dim ker a = and hence is equivalent to the fact that the 
dimension of H 1 (M, Ad p ) is as small as possible. We proved the first part 
of our assumption. We also see that the equation dim ker a = implies that 
dim H l (M, Ad p ) = \ dimif 1 (<9M, Ad p ). Moreover, a is the derivative at [p] 
of the restriction map r : M.(M) — > Ai(dM) which becomes an immersion. 
Finally, let us show that the image of a is isotropic by looking at the diagram 
above. Let u,v G if 1 (M, Ad p ). Then, one may show that u(a(u), a{v )) = 0. 
But, this can be written as a(v)) where u* is Poincare dual to u 

and (-, •) is the duality pairing. But recall that im/3* = (ker/3)- 1 = (ima) 1 
this implies precisely that u(a(u), a((3)) vanishes. Hence, the image of a is 
Lagrangian and the theorem is proved. □ 



Let us look at the following example. As seen in Section |2.4[ the moduli 
space of the trefoil knot is a segment (abelian representations) with another 
segment attached to it. The restriction map sends this space to the repre- 
sentation space of the torus that we represent as a union of two stacked up 
squares (known as the pillow case). The image of this map is represented on 



the left of Figure 3.3.3 The restriction map is an immersion for all regular 
points but is not injective. The case of the figure eight knot is presented on 
the right. In that case, the moduli space is the union of a segment (abelian 
representations) and a circle (irreducible representations). The restriction 
map is an immersion at all regular points and the map fails to be injective 
at one point. 
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Figure 6: Moduli spaces of 3.1 and 4.1 restricted to the boundary 



3.4 Reidemeister torsion 

Given a real vector space V of dimension n, we can form the line det V = 
A n V. We will consider this line as even if n is even and odd if n is odd. 
This convention will play a role with the implicit use of the isomorphism 
V eg W — > W eg V sending v eg) w — > (— l)HHu; eg v where |t>| and are 
the degrees of v and w respectively. With that convention, one can write 
det(V © W) = det(V) eg det(W) as this identification depends on the order 
of V and W up to a sign prescribed by the convention. 

The following considerations will rely on the fact that for any short exact 
sequence — > U — > V — > W — > there is a canonical isomorphism det V = 
det U ® det W. This isomorphism is defined by sending u± A • • • A Ui (8) w± A 
• • • A Wj to U\ A • • • A Ui A Wi A • • • A Wj where w is any lift of w in V. 

Given a finite complex of finite dimensional real vector spaces C*, we 
define detC* = detC ® (detC 1 )- 1 ® ••• <8> (det C fc ) ( ~ 1)fc . We define the 
determinant of its cohomology by the same formula. 

Lemma 3.3. There is a canonical isomorphism (which involves the sign rule) 

detC* = detH*. 

Proof. Define for all i e Z, Z, = kerd* and B % = imd\ The exact sequence 
->■ Z i ->■ C' 1 ->■ B l ->■ gives det C* = det Z* (g) det and the exact 
sequence ->■ ->■ ->■ if* ->■ gives det = det5 i_1 (g) det if*. 

Removing the (g) sign, we compute: 

det C°(det C 1 )" 1 det C 2 ■ ■ ■ = det Z° det 5°(det Z 1 det det Z 2 det 5 2 • • • 

= det B- 1 det Jf° det 5°(det B° det if 1 det det B 1 det ii 2 det B 2 ■ ■ ■ 



18 



One see that all factors det B i appear twice with opposite signs and then 
cancel, proving the proposition. □ 

Let W be a finite CW-complex and p be a representation in TZ(W). For 
all cells, we choose an orientation and a lift to the universal covering W. For 
each k, number the lifted fc-cells as e\, . . . , e% k . 

Recall that the twisted cochain complex of dimension k is C k (W, Ad p ) = 
®, ;<nfe e|.su(2). Choose in A 3 su(2) the SU(2)-invariant volume element A = 
i A j A k. We define again X k = [\ i<rik e\\, and A = A <8> A^ 1 ® ■ ■ ■ G 
detC*(W,Ad p ). 

With the isomorphism provided by the lemma, it gives us an element in 
det H*(W, Adp) that we denote by the same letter. One can check easily that 
this element does not depend on the choice of lifting of the cell because SU(2) 
fixes A, but changing the orientation of a cell or their numbering do change 
A up to a sign. To remove this ambiguity, we do the same construction for 
the complex C*(W, 1R) by taking the same cells with the same orientation 
and order, and replacing A with 1 G det K. Doing so, one gets an element 
T G det C*(W,R) = detH*(W,M). We call Reidemeister torsion at p the 
quotient W/T G det H*(W, Ad p ) det H*(W, IR) -1 . 

It remains to understand how this quotient changes when we change the 
cellular decomposition but one can show that it does not change under cellu- 
lar subdivision and collapsing, see |Tu02] . This implies that the torsion only 
depends on W up to simple homotopy. 

Let us give some applications: in the case of a surface E and irre- 
ducible p G K(E), one has tf°(E,R) = R, # 2 (E,M) = K, #°(E,Ad p ) = 
if 2 (E,Ad p ) = 0. By considering the standard generators of the determi- 
nant of these spaces, one see that the torsion reduces to an element of 
det ^{W, Ad p )(det H 1 (W, This element does not give us any in- 

formation as one can show that it is equal to the Liouville volume form 

( (3g-3)i ) ( gf) wnere 9 1S the genus of E (supposed at least equal to 2) and 
oj,u p are the symplectic forms on iJ 1 (E,M) and ^(E, Adp) respectively. 

In the case of a regular representation in TZ(M), we have H (M, Ad p ) = 
and H 2 (M, Adp) = H 2 (dM, Ad p ) as one can deduce from the commutative 
diagram below with exact lines: 
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H 2 



(M, dM) 



^H 2 



(M) 



> H 2 (dM) > # 3 (M, <9M) = 



/J 1 



(M)* 



o 



^H 1 



(M, dM)* 



Then, one has H 2 (dM) = H°(dM)*. This is if the genus of dM is 
greater than 2, and in the case of a torus, it is one dimensional. One can 
choose a preferred generator of this space, showing that det H*(M, Ad p ) ~ 
if^MjAd,)" 1 . Choosing an element T in det H*(M, M), one gets a well- 
defined element A e H l (M, Ad p ) _1 which may be interpreted as a volume 
form on the regular part of A4(M). 

4 Gauge theory 

4.1 Principal bundles and flat connections 

Let M be a compact manifold of dimension at most 3. We will denote SU(2) 
by G as it can be replaced by any Lie group in that section. The Lie algebra 
of G will be denoted by Q. 

Definition 4.1. A principal G-bundle over M is a fiber bundle 7r : P — y M 
with a right action of G on P such that G acts freely and transitively on each 
fiber. Two such bundles are isomorphic if there is a G-equivariant bundle 
isomorphism lifting the identity of M. 

Definition 4.2. A principal bundle with flat structure (P, J 7 ) is a principal 
bundle n : P — y M and a foliation J 7 of P which is G-equivariant and such 
that the restriction of n to each leaf is a local diffeomorphism. Again two 
such pairs are isomorphic if the bundles are isomorphic and the foliations 
correspond through this isomorphism. 

Such a flat G-bundle is often described by covering M with open sets Ui 
on which we can find sections of P whose image lie in the same leaf (we 
will say that these sections are flat). On the intersection of two such open 
sets Ui and Uj, the two section differ by the action of a locally constant map 
gij : Ui fl Uj —y G. These data are sufficient to reconstruct the flat G-bundle 
up to isomorphism. 
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Take a point p in a flat G-bundle P and write x = n(p). Then, any path 
7 : [0, 1] — > M such that 7(0) — p lifts uniquely to a path 7 — >■ P if one asks 
that 7(0) = p and that 7 stays locally on the same leaf. If 7(1) = x, then 
7(1) = pg. The assignement 7 — > g do not depend on the homotopy class of 
7 and gives rise to an homomorphism Hol p : 717 (M, x) — > G. 

The conjugacy class of this representation do not depend on p and x 
moreover, we have the following fundamental result: 

Theorem 4.3. The holonomy map gives a bijection between isomorphism 
classes of flat G -bundles and A4(M, G). 

Proof. We construct the reverse map in the following way. Let 1 be a base 
point in M and p a representation of 7i\(M, x). Then, denote by M x p G 
the quotient of M x G by the equivalence relation (m,g) ~ ( / -f.m,p( / -f)g) for 
all m G M,g G G, 7 G 7Ti(M, x). The map n(m,g) = m and the action 
(m,g).h = (m,gh) give to M x p G a G-bundle structure. The foliation 
J 7 is the quotient of the foliation of M x G whose leaves are M x {g} for 
g G G. One can check that these constructions are reciprocal, which proves 
the theorem. □ 

4.2 Sections and connection forms 

On manifolds M of dimension at most 3 and for connected and simply con- 
nected groups G, all G-bundles on M are trivial, that is isomorphic to M xG. 
To prove this, it is sufficient to find a section s of any G-bundle n : P — > M. 
The map M x G — >■ P sending (m,g) to s{m)g will be the desired isomor- 
phism. 

Let W be a CW-complex homotopic to M and let ix : P — > W be a G- 
bundle. Then, one can choose arbitrarily a section over the 0-skeleton of W. 
For each l-cell,we extend the section of P given at the ends, using the fact 
that the fiber (isomorphic to G) is connected. At the boundary of each 2-cell, 
there is some section chosen that we can extend along the cell as G is simply 
connected. Finally, we deduce from the fact that 712(G) = that the section 
also extends to the 3-cells and hence to W, which proves the assumption. 

The existence of sections give us another practical viewpoint on flat G- 
bundles that we explain now. 

Let (P, J 7 ) be a flat G-bundle. Given a section s of P, one can encode 
the foliation J 7 with a 1-form A on M with values in Q. We define it in 
the following way: let 1 be a point in M. Let h be the map defined at 
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a neighborhood of x with values in G such that the map m \- > s(m)h(m) 
describes the leaf of T passing at s(x) as suggested in Figure 4.2 Then, we 
set A x = —D x h e Q. 




Any other section s' is obtained from s by the right action of a map 
g : M — >■ G. We write for short s' = s 9 . If the leaf passing at s(x) is the 
image of the map sh for some map h defined around x with values in G, then 
by G-invariance, the image of the leaf passing at s(x)g(x) is the image of the 
map m i— > s(m)h(m)g(x). This map can be rewritten as sgg~ 1 hg(x). The 
1-form A 9 associated to the section s 9 is then the derivative at x of g~ l hg(x), 
that is g~ 1 D x hg — g~ 1 D x g. We then obtain A 9 = g~ 1 Ag + g~ 1 dg. 

Nevertheless, any section s and 1-form A e fi 1 (M, Q) do not necessarily 
define a flat structure but only a G-invariant distribution of subspaces in 
TP transverse to the fibers of ir. We would like to give a condition on 
A for this to hold. In order to be tangent to a foliation, the distribution 
has to be integrable, that is to verify the Frobenius condition that if two 
vector fields belong to this distribution, their bracket also belongs to it. To 
verify this condition, consider two vector fields X, Y on M. The 1-form 
A defines uniquely a 1-form A e Q 1 (P,Q) whose kernel is the invariant 
distribution. This 1-form is characterized by the equations R* g A = g~ 1 Ag 
and s*A = A, where R g is the action of a fixed element g on P. The vector 
fields X and Y extend to unique "horizontal" vector fields X and Y on 
P such that A(X) = A(Y) = and tc^X = X, ttS = Y. These vector 
fields belong to the distribution defined by A and their bracket will belong 
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to the distribution if and only if A([X,Y]) = 0. The equation dA(X,Y) = 
X.A(Y) - Y.A(X) - A([X, Y]) give dA(X, Y) = 0. 

Let £,77 be two elements of Q and v^,v v be the vector fields coming from 
the infinitesimal action of G on P, for instance v^(p) = ^£>e*^. Then, by 
construction A(v^) = £ and hence dA(v^,v v ) = —[A(v^),A(v v )]. We deduce 
that the identity dA+ \[A/\ A] = is true when applied to pairs of horizontal 
(resp. vertical) vector fields. One check that this is again true for horizontal 
and vertical vector fields and hence, the identity dA + |L4 A A] = holds. 
Pulling it back by s, we get dA +^[AAA] =0 which is the flatness equation 
for A. This is a necessary and sufficient condition for the distribution defined 
by A to be integrable. 

This considerations may be summarized in the following proposition: 

Proposition 4.4. Let M be a manifold and G a Lie group such that all 
G-bundles on M are trivial. Then the set of isomorphism classes of flat 
G-bundles is isomorphic to the set of connections A G Q 1 (M, Q) satisfying 
dA + \[A /\ A] = up to the action of the gauge group given by A 9 = 
9~ 1 Ag + g~ x dg. 

4.3 De Rham cohomology and isomorphisms 

Given a trivialized flat G-bundle (P, s, A) where s is a section of P and A 
is a flat connection, we define the twisted De Rham complex as the complex 
f2*(M, Q) with the differential d^a) = da + [A A a]. The flatness equation 
implies that d\ = 0. We will denote by H\(M, Q) the cohomology of this 
complex. It is related to the twisted cohomology via the following De Rham 
theorem. 

Let M be a compact manifold homeomorphic to a cell complex W and 
(P, s, A) be a flat G-bundle. Fixing p e P over a base point x in M gives a 
holonomy representation p G TZ(tt 1 (M,x),G). 

As the universal cover M is contractible, the flat G-bundle induced on M 
is trivial. Hence, there is a map g : M — > G such that A 9 = where A is the 
connection form induced on M. Moreover, we can suppose that g(x) = 1. 
Let a G f2 fc (M, Q) a cocycle. Then the cocyle 1(a) G C k (W, Ad p ) associates 
to a lifted k-cell e k the integral J. g~ x ag. 

Theorem 4.5. The map I is a chain map which induces for all k an iso- 
morphism from H k A (M, (?) to H k (M, Ad p ). 
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When k — 1, we can interpret I as the derivative of the holonomy func- 
tion. More precisely, let M be a manifold and (P, Ft) be a 1-parameter family 
of foliations on the same G-bundle P. Assuming the existence of a section 
s : M — > P, the family of foliations gives a family of connection 1-forms A t 
satisfying dA t + \[A t A A t ] = 0. Let A = A and suppose that this family is 
smooth. Then a = ^f t _ satisfies da + [A A a] = 0. It represents an element 
[a] of H\(M, Q). 

Let 7 be loop in ni(M,x) then HoLyAj G G and ^| t= oHol 7 A t (Hol 7 A) _1 = 
/(a)(7). To see this, it is sufficient to do the computation in the universal 
cover M after having trivialized A. 

Let £ be an oriented surface and p be an irreducible representation cor- 
responding to a flat connection A. Then, the tangent space of at [p] 
is isomorphic to iJ 1 (S,Ad p ) ~ H\(E,Q). The cup-product in cohomology 
corresponds to the exterior product of forms in De Rham cohomology. Then, 
the form uj a : H\(H, Q) 2 — > R is given by ^(a, /3) = / s (a A Remarking 
that A does not appear in this formula is the key point for showing that u is 
a closed 2-form. The following proposition is a main technical ingredient for 
relating gauge theoretical arguments to the study of representation spaces. 

Proposition 4.6. Let M be a compact manifold of dimension less than 3, 
and U be a contractible open set in A4(M, SU(2)) consisting of regular rep- 
resentations. Then, there is a smooth map A : U ->■ fi^M, Q) such that for 
all t G U , A T is a fiat connection whose holonomy is in the class of t. 

Proof. With our assumption, the quotient map 1Z(M) — > A4(M) is a fibra- 
tion over U as U consists in regular representations. As U is contractible, 
there is a smooth section p : U — > TZ(M) of the quotient map. Fix a point 
x in M and consider the product P = M x SU(2) x U/ ~ where we set 
(7.777., p T (7)0, r) ~ (m,g,r) for all 7 G 7Ti(M, x). This construction gives a 
flat G-bundle over M x U such that for each t E U, the holonomy of P over 
M x {r} is given by p T . 

Moreover, M x U is homotopic to M and P has to be trivial as a G- 
bundle. Taking a smooth section s : M x U — )■ P, we pull back the flat 
structure of P to a flat connection A on M x (7. The restriction of A to each 
slice A x {t} gives the connection A T that we are looking for. □ 

As a first application of gauge theory, we finally prove that A'f reg (S) is a 
symplectic manifold. 
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Proposition 4.7. Let S be a closed surface. The non-degenerate 2-form lo 
on the regular part of is closed, and hence symplectic. 



Proof. Let us show it on any open set U as in Proposition 4.6 Let A 



U — > Q 1 (M,Q) be the map given by this proposition. The remark following 



Theorem |4.5 implies that the derivative of A at r is a map T T Ai(E) — > 
fl}{M, Q) taking values in kerrf^. Considering its class in H\ t (E,Q), one 
gets the inverse De Rham isomorphism. We conclude that the form u on U 
is the pull-back of the form u(a, (3) = J E (a A (3) on This latter 

expression is a constant 2-form on an infinite dimensional space. It is closed 
in the sense that for any smooth maps X,Y,Z from Q l (E,Q) to itself, the 
following identity holds: 

"du(X, Y, Z)" = X.u(Y, Z) - Y.u(X, Z) + Z.oj(X, Y) + u(X, [Y, Z}) + 

u(Y,[Z,X])+u(Z,[X,Y]) = 

This identity, pulled back to U implies that u is closed. 

□ 



5 Chern-Simons theory 

The term Chern-Simons theory usually consists in the study of secondary 
characteristic classes on flat bundles. Indeed, by Chern-Weyl theory, we 
know that given 7r : P — y M a G-bundle, we can compute the character- 
istic classes (Chern, Euler and Pontryagin classes) of associated bundles by 
integrating invariant polynomials in the curvature of some connection of P. 
The existence of flat connections implies the vanishing of all characteristic 
classes. Chern and Simons introduced some primitives of the Chern-Weyl 
classes giving non trivial invariants of flat G-bundles. For our purposes, we 
will reduce Chern-Simons theory to the following constructions: 

1. Given a closed 3-manifold M, we construct a locally constant map 
CS : M(M) ->• R/4n 2 Z. 

2. Given a closed surface S, we get an hermitian line bundle with connec- 
tion (£, | ■ |, V) over the regular part of A4(E) such that the curvature 
of V is the symplectic form u. We will call this bundle the prequantum 
bundle of S and denote it by £s- 
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3. Given a 3-manifold M with boundary, we obtain a flat lift CS of the 
restriction map Ai(M) — > ftA(dM) to the prequantum bundle of dM. 

■r 

CS 

/ " " v 

M rcs (M) ^M TCg (dM) 

5.1 The Chern- Simons functionnal 

Let M be a 3-manifold possibly with boundary, 7r : P — > M a trivializable 
G-bundle and J 7 a flat structure on P. Given a section s : M — > P, one 
obtains a flat connection A by the procedure described in the last chapter. 
One set CS(A) = ± f M {A A [A A A)) . 

Recall that A belongs to fi^M, £) so that AAAAA belongs to f2 3 (M, £® 3 ). 
Applying the antisymmetric map (X, Y, Z) h-> (X, [Y, Z]) to the coefficients, 
one obtains the 3-form (A A [AAA]) which can then be integrated. 

The main point is to compute how this functional changes when changing 
the section. Given a map g : M — >■ G one has 

CS(A°) = CS(A)+ 1 - [ (g^AgAg-'dg)-^- f (g^&g A[g- l <\g Ag-\\g}) . 

A JdM iA J M 

The proof is a direct consequence of Stokes formula, with the use of some 
formulas for differential forms on Lie groups, see [Fr95j. Denote by W(g) the 
term ^ J M (g~ 1 dg A [g~ l dg A g^dg}). It is also called Wess-Zumino-Witten 
functional. By definition, the form g~ l dg is equal to g*9 where 9 is the left 
Maurer-Cartan form on G. Hence W(g) = j M g*X where x — A [9 A 9]) 
is the Cartan 3-form on G. We deduce from this that assuming G = SU(2), 
W(g) mod 4tt 2 depends only on the restriction of g to dM. 

Indeed, given another 3-manifold N with an oriented diffeomorphism ip : 
dN — > dM and a map h : N — >■ G such that goip = h, we consider the integral 
Imu(-n) f*X w here / stands for g on M and h on N. This integral is equal to 
W(g) — W(h). On the other hand, it is equal to (deg/) f G X = 4vr 2 deg/ G 
47r 2 Z. This proves that if M has no boundary, then CS(A 9 ) = CS(A) 
mod 47r 2 . 

Hence, the map CS : A4(M,SU(2)) -»■ M/4tt 2 Z is well-defined when M 
has no boundary. 

In order to show that it is locally constant, recall that if A t is a smooth 
family of flat connections with Aq = A then the derivative a = ^|t =0 
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satisfies da + [a A A] = 0. Moreover, dC ^ At) | t=0 = \ f M (a A [A A A]) = 
-y M (aAdA). 

On the other hand, - (a Ad A) = d(aAA) + (daAA). Moreover (da A A) = 
— ([a A A] A A) = ([AAA] A a) = 2(dA A a). This implies the identity 
(a A dA) = d(a A A). Hence, one has dC6 } t At) \t=o = \ f 9M ( A A a )- 

In the case where M has no boundary, this proves that the Chern-Simons 
function is locally constant on Ai(M). 



5.2 Construction of the prequantum bundle 

Let £ be a closed compact surface. Recall that for G = SU(2), all principal G- 
bundles are trivial, hence flat structures are encoded by flat connections A G 
(that is A satisfies dA + |[A A A] = 0). Moreover, two connections 
represent the same element of if and only they are related by the 

action of g : S — > G. Consider the finer equivalence relation where A and A 9 
are considered to be equivalent if CS(A) = CS(A 9 ). New equivalence classes 
form a bundle over the old ones with fiber R/47r 2 Z. This is the construction 
of the prequantum bundle. Let us give another point of view of the same 
construction, technically more appropriate. 

Set L = fiJ(E, G) x M/27rZ and define an action of the gauge group on L 
by the formula: (A, 9) 9 = (A 9 , 9 + c(A, g)) where 

c(A,g) = ±J{g- l AgAg- 1 dg) - ^W(g). 

Then, c is a cocycle in the sense that for any flat connection A and gauge 
group elements g, h one has c(A, gh) = c(A, g) + c(A 9 , h). 

Consider the quotient map L/Y — > fiJ(E, G) = -M(E). By using the local 



sections of the projection f2j(E, G) — > -M(E) given by Proposition 4.6 and 
the fact that the gauge group acts freely on connections encoding irreducible 
representations, one find that the above quotient is actually a principal fiber 
bundle over Ai reg (M) with fiber IR/27rZ. The prequantum line bundle L is 
the fiber bundle associated to L/G with the representation of IR/27rZ on C 
given by O.z = e z. It is naturally an hermitian line bundle. 

Let us show that this bundle has a connection with curvature u. 

On the trivial bundle L — > f2j(E, G) there is a natural connection given by 
the expression d— A where A is the 1-form given by A^(a) = ^ L(AAa). One 
can check directly that this form is equivariant and hence defines a connection 
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on the quotient C. The curvature of this connection is the derivative of A, 
that is j-w. The same formula is true on the quotient as both symplectic 
forms uj on fiJ(E, £/) and A4(E) correspond in the quotient. 

We can give the third and last application: given a 3-manifold with 
boundary M, and a flat connection A on it, we consider the element (A, CS(A)/2n) e 
L. Given g : M — >■ G, the connection A 9 will be sent to the equivalent ele- 
ment (A 9 , CS (A 9 ) /27i). Hence, this map also denoted by CS is well defined 
from A4(M) to Cqm- Moreover, given a smooth family A t , we already com- 
puted dC 'df At ' > = ( a > 4^ Iqm^ ^ a ))> where ct = This derivative is in the 
kernel of the connection d — A, which shows that CS(A t ) is a parallel lift over 
Cqm over the restriction of A t to dM as asserted. 

5.3 Examples 

5.3.1 Closed 3-manifolds 

Let us look at some examples of Chern-Simons invariant for a closed mani- 
fold M. Recall that we constructed a locally constant map CS : M(M) — >■ 
R/4ir 2 Z. The trivial representation is obtained as the holonomy of the con- 
nection A = 0. In that case, one has CS(A) = 0. 

For less trivial examples, consider some manifolds obtained as a quotient 
of S* 3 = SU(2) by a finite subgroup H, for instance the lens spaces L(p, 1) 

/ e 2ikTT/ P Q \ 

given by Hp — {I e ~2ikw/ P J > ^ e ^/p^}, or the quaternionic manifold 

(^8 given by H — {±1, ±i, ±j, ±k}. In these cases M = SU(2)/if and there 
is a natural non trivial flat bundle P given by the quotient of SU(2) x SU(2) 
by the equivalence relation (<?i,<?2) ~ (gih, h~ 1 g 2 ) for h & H. The map 
7r : P — > M is the first projection. A section is given by s(g) = (g^g^ 1 ). 
One compute that the connection associated to that section is g~ 1 dg. Hence, 
CS(A) = J s3/hX = ^/\H\. 

Another easy example is M = S 1 x S* 1 x S 1 . In that case, all represen- 
tations are abelian, hence all flat connections are equivalent to connections 
with values in Mi. As (i, [i,i]) = 0, one has necessarily CS(A) = for all A. 
This is compatible with the fact that M(M) is connected and CS is locally 
constant. 
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5.3.2 The torus case 

Let us give a finite dimensional construction for the prequantum bundle £ 
over the torus S = S 1 xS 1 . Consider the map F : M 2 — > «M(£) sending (<p, ip) 
to the representation : Z 2 — > SU(2) where p V) ^(a,b) = exp(i(ay? + hp)). 
The fibers of F are the orbits of the action of the group H = Z 2 x Z/2Z 
where the first factor acts by translation and the second one by inversion. 

One can lift the map F to fij(£, G) by sending (ip, ijj) to the connection 
A<p,i> = i((pds + ipdt) where s, t are coordinates of the two S 1 factors identified 
to R/Z. The action of H is realized by a gauge group action as follows. The 
translation by {2irk 1 2nl) is given by the action of gk,i{t, s) = exp(2i7r(/cs+/t)), 
whereas the inversion is given by the action of the constant map g = j. 

These actions lift to the trivial bundle L = M 2 x IR/27rZ in the following 
way: (ip,ip,6) 9k - 1 = (<p + 2ir k,ijj + 2irl,6 + ^ ^(A^, g^dg k ,i)) as one can 
show that W(g kj i) = (see |Ma07] l We obtain (cp,Tp,6) 9 ' k ' 1 = (<p + 2nk,tp + 
2tiI, 9 + <pl — ipk) and (<p, ip, 6) ' } = (—<p, —ip, 0). We recognize an action of H 
on L. The quotient produces a bundle over the quotient of M 2 by H, smooth 
over non central representations. This gives an elementary construction of 
the prequantum bundle in that case which is very useful for computing Chern- 
Simons invariant for knot exteriors. 



5.3.3 Some knot complements 

Let us give an application of these constructions in the case of a knot com- 
plement. In that case, the manifold M is the complement of a tubular neigh- 
borhood of a knots in S* 3 . Its boundary is identified with S 1 x S 1 . The 
Lagrangian immersion r : Ai reg (M) — > A^ rcg (S' 1 x S 1 ) is shown in Figure 
13.3.31 What kind of information can we extract from the existence of a lift 
CS : Ai TCg — > £51x51? If we have a closed loop 7 in Ai reg , then we showed 
that it lifts to £51x51. In other terms, the holonomy of £ along r(7) is trivial. 
This holonomy is easy to compute as e lA ^ 2n where A is the symplectic area 
enclosed by ri^y): hence A has to be an integral multiple of 47r 2 . We can 



check this in the two examples of Figure 3.3.3 : more generally, this shows for 
instance that ri^y) cannot be a small oval. 
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6 Surfaces with higher genus 



Till now, we did not say much about surfaces with positive genus although 
they are very important and interesting. Let E be such a surface of genus g. 
Then, we showed that JA(E) splits into an irreducible and an abelian part 
and that the irreducible part is a smooth symplectic manifold of dimension 
6g-6, with a prequantum bundle C — > A4(E). To answer simple questions 
about the topology of that space or its symplectic volume, we introduce a 
family of functions called trace functions which give to .M(E) the structure 
of an integrable system. 

6.1 Trace functions and flat connection along a curve 

Let 7 a 1-dimensional connected submanifold of E which do not bound a disc. 
We will call 7 a curve. We associate to 7 the map /i 7 : .M (S) — > [0, it] by the 
formula fo 7 ([p]) = angp(7). This gives a well-defined and continuous function 
on .M(E), smooth where it is different from and it. We will compute the 
Hamiltonian vector field X 7 associated to this map and compute its flow, 
showing that it is 47r-periodic. We will give later an interpretation of this 
flow in terms of twisting of flat bundles on E along 7. 

Our way of understanding such constructions uses heavily a lemma on the 
normalization of a flat connection along a curve that we state here without 
proof. 

Lemma 6.1. Let E be a compact oriented surface and $ : S* 1 x [0, 1] be an 
orientable embedding. Set 7 = $(S' 1 x {1/2}) and let U be a contractible 
open set in .M res, (E). Suppose that for all r in U , the representation indexed 
by r take non- central values on 7. Then there is a smooth map A : U — >■ 
f2j(E, su{2)) and a smooth map £ : U —> Q such that 

1. The connection A T represents t. 

2. §*A T = £,(r)dt where t is the coordinate identifying S 1 to R/Z. 

We will say that a flat connection A on E is normalized along E if there 
exists £ G Q such that $*A = £dt. In that case, the holonomy of A along 7 
is equal to exp(— £) and one has h y (A) = -^||£|| mod n. 

The aim of this section is to identify the hamiltonian vector field of 
that is, the vector field X 7 on .M reg (E) such that ix^ = d/i 7 . We will give a 
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De Rham lift of this vector field assuming that all connections are normalized 
along 7. This description will allow us to compute its flow and its lift to the 
prequantum bundle. 



Proposition 6.2. In the settings of Lemma 6.1, a lift of X 7 at A normalized 
such that $*A = £dt is given by the connection $>*( ^,^,, tp(s)ds) where s is 

the coordinate of [0, 1] and if is a function with support in [0, 1] and integral 



Proof. Let A be a normalized flat connection. One need to prove the equality 
w(Xy, Y) = dh^(Y) for all Y in the tangent space of [A]. Thanks to Lemma 



6.1[ we can normalize all connections in the neighborhood of A, hence one 
can suppose that all tangent connections a are such that $*a = rjdt for some 
77 e su(2). One has wpC 7 , a) = | 51x[01] (<p(s)ds^^ A rjdt) = On the 

other hand, dh^(a) = • This proves the formula. □ 

The same proof gives that the hamiltonian flow of /i 7 sends the normalized 
connection A to $^ (A) = A + TX 7 . This shows in particular that this flow 
is periodic as A + 4irX y = A 9 for 

, , . r , . , 2v^7T^ 

^(t, s) = exp(- ip{u)du ). 

In this formula, <? is a smooth function which is equal to 1 outside the 
image of $. In the case where 7 is separating, one can replace 4% by 27r and 
the function g will still be well-defined, being equal to 1 on one side and to -1 
on the other side. This shows that the hamiltonian flow of h 1 for separating 
curves is 2-7r-periodic although it is 47r-periodic for non separating curves. 
Let us give a geometric interpretation of these flows. 

Let (P, J 7 ) be a flat SU(2)-bundle over £ and 7 be a curve on S. The 
holonomy of J 7 along 7 is a transformation of the fiber which we suppose to 
be non-central. 

Cutting S on 7, we get a new closed surface S with two circles at the 
boundary. Let v : S — > S be the gluing map. The flow $ 7 (P, J 7 ) is obtained 
as a quotient of the form u*(P, J 7 )/ ~ t . 

To give a precise formula for ~ t , we orient 7 and take a point p on 
7r _1 (7). The holonomy along 7 in the positive direction sends p to p.g. Let 
7 + (resp. 7~) be the component of <9S which respect (resp. do not respect) 
the orientation of 7. Let p + , p~ be the preimages of p in the corresponding 
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fibers. Then, by definition p + . exp( ^Jj^ ) ~ 4 p where £ is the unique element 

of su(2) with ||£|| < 2v / 2tt such that g = exp(£). We claim that there is a 
unique isomorphism of flat SU(2)-bundles ir~ 1 ( , -f + ) — > 7r _1 (7 _ ) which 
extends the previous formula. 

We obtain this description easily from the previous one by integrating the 
connection A in directions transverse to 7. 



6.2 Global description of the moduli space 

Given a closed surface of genus g > 1, the maximal number of disjoint curve 
is 3g — 3. Let be such a family. It decomposes the surface into 

pairs of pants in the sense that the complement of the curves 7^ is a disjoint 
union of 2g — 2 discs with two holes. It is convenient to construct from 
this decomposition a trivalent graph T. The set of vertices denoted by V(r) 
corresponds to pair of pants and edges to curves. An edge is incident to a 
vertex if the corresponding curve bounds the corresponding pair of pants. 
An example is shown in Figure 6.2 for g = 2. 



Figure 8: Pants decomposition of a genus 2 surface 



Consider the map h : Ai(E) —> [0, n} 1 given by p 1— > (/i 7i (p))j e j. This is an 
integrable system in the sense that it is a maximal set of Poisson commuting 
functions. We sum up the properties of this map in the following proposition. 

Theorem 6.3. The image of h is the polyhedron A consisting of the (ati)iei 
such that for any trivalent vertex vofT the following relation holds: 

Wi — ctj\ < otk < min(aj + ctj, 2n — c*i — atj) 
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if i,j,k are incident to v G V(r). Set A4°(E) = h 1 ((0,7r) / ). Then, the 
flows $* commute on .M°(£) and cover the fibers of h. 

Proof. Let v be a vertex of T and p an element of A"f(£). Then, restricting p 
to the pair of pants P„ encoded by t> G V(r), we obtain an element of A4(P V ). 
Let i, j, k be the edges incident to v: then oij, <x,-, are the angles of p on the 



boundary components of P v . Proposition |2.1| tells us that they need to satisfy 
the inequalities of the theorem. This explains why the image of h is in A. Let 
us give a short explanation of the remaining part. Consider an element a in 
A. Then, we know that there exist corresponding representations in the pants 
P v for all v, unique up to conjugacy. One can realize these representations as 
flat bundles. For each edge in T, we glue the corresponding boundary curves. 
The holonomy of the flat bundles are conjugated, proving that one can glue 
them into a flat bundle on S. This proves the surjectivity of h. In the case 
all these holonomies are non central, then all possible ways of gluing these 
bundles are described by the Hamiltonian flow of the corresponding angle 
function. By construction these flows commute and cover the fibers of h. □ 

Let us describe more precisely the fiber of h. Fix an element p of .M°(£) 
and set a = h(p). The joint Hamiltonian flow of the functions (h 7i ) give 
an action of IR 7 on the fibre h" 1 (a) by the formula t.p = ■ ■ • $^(p) for 
any numbering of the elements of I. The kernel of this action is precisely 
described by the lattice 4nA C IR 7 where we set: 

A = Vect z {ei,e v ,i el,v G V{T)} 

In this formula is the basis element with coordinate whereas we set 
e« = ( e « + e j + e fc)/2 where i,j, k are the edges incident to v. 

We already showed that the flows $ 7 are 47r-periodic, which explains 
why Ci belongs to A for all i. We prove in the same way that 47re„ is in the 
kernel of the action: let 7i,7j,7A; be three curves bounding P v . Let A be a 
flat connection representing p, normalized in the neighborhood of the three 
curves. Then, after applying the three flows during a time 2tt, we obtain a 
gauge equivalent connection where the gauge element is equal to -1 in the 
interior of P v , 1 in the exterior and is given in the standard neighborhoods 



of the three curves by the same formulas as in Proposition 6.2 This shows 
that 47rA belongs to the kernel of the action, we refer to |JW94j for the proof 
that these lattices are actually equal. 
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6.3 Some applications 

There are plenty of applications as this description is very precise for geomet- 
ric and symplectic aspects. As an example, let us describe the symplectic 
structure in this setting and give a formula for the symplectic volume of 
M(E). 

Proposition 6.4. Let s : Int(A) — > Ai° be a Lagrangian section of h over 
the interior of the polyhedron A. The map $ : Int(A) x IR 7 /A — > Ai° defined 
by $(ct,t) = t.s(a) is a diffeomorphism on h~ 1 (Int(A)) and we have $*w = 
Y^i dcti A dU. 

One deduce from this formula that the volume of M(T1) is equal to the vol- 
ume of the dense open subset /i _1 (Int(A)) which is equal to Vol(lR / /47rA)Vol(A) 

Moreover, we have Vol(MV 47rA ) = Vo\(mJ /4-nZ 1 ) /[k, Z 1 } which is finally 
equal to (4n) 3g ~ 3 /[A, Z ]. To compute the index of Z 7 in A we notice that 
it is equal to the dimension of C 1 (T,Z 2 ) divided by coboundaries. We find 
[A,Z 7 ] = dim-H^Za) = 2 s . Hence 

Vol(M(£)) = (2tt) 39 - 3 2 29 - 3 Vo1(A). 

7 Introduction to geometric quantization 

In this section, we introduce some basic objects of geometric quantization. 
It is a procedure which associates to a symplectic manifold M with extra 
structure a vector space Q(M) called "quantization of M". By construction, 
some functions on M act on Q(M) with commutation relations prescribed 
by the Poisson bracket. Of course a good example to keep in mind is T*M. n 
whose quantization is L 2 (M. n ) and where position, momentum and Hamilto- 
nian operators are quantization of the coordinates and the energy. In full 
generality, our construction is naive and not well motivated but produces at 
least vector spaces and operators. We compute them in the case of mod- 
uli space and describe the so-called Bohr-Sommerfeld leaves which coincide 
with the spectrum of curve operators in Chern-Simons topological quantum 
field theory as initiated by Witten in |Wi89j . A detailed introduction to 
geometric quantization can be found in |GS77l IBW97j . The computation of 
Bohr-Sommerfeld fibers was done in |JW92j . In these notes, we obtain it in 
a more direct way and take into account the "metaplectic correction". 
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7.1 Spin structures 

Recall that for all n, there is a group Pin(n) sitting in the following exact 
sequence 

1 Z 2 Pin(n) -» O(n) -»■ 1. 

This extension is caracterized by the two following features: over SO(n), it 
is the unique 2-fold covering (universal for n > 2) and any lift in Pin(n) of a 
reflection in 0(n) has order 2. As GL(n) retracts on O(n) there is a unique 
group GL(n) sitting in the exact sequence 

1 ->■ Z 2 ->■ GL(n) GL(n) 1. 

and which is isomorphic to Pin(n) when restricted to O(n) 

On a vector space V of dimension n, we denote by 72. (V) the set of basis 
of V. It is an homogeneous space over GL(n). We call spin structure on V a 
set TZ(V) with a free transitive action of GL(n) and a map p : 72(V) —> 7Z{V) 
intertwining the actions of GL(n) and GL(n). 

Spin structures on V form a category Sp(V) where all objects are iso- 
morphic with precisely two isomorphisms. This category is equivalent to the 
category with one object and automorphism group Z 2 . 

Given two vector spaces V, W, there is a functor F from Sp(V) x Sp(W) 
to Sp(V®W) sending (K(V),K(W)) to GL(n+m) x K(V) xK(W)/ -.The 
equivalence relation is generated by [JiQ-, hs v , s w ) ~ (g, s v , s w ) for h G GL(n) 
and (hg, s v , hs w ) ~ (g,s v ,s w ) for h G GL(m). This functor F is equivalent 
to the functor trivial on objects and sending Z 2 x Z 2 to Z 2 via the addition. 

Let us give two generalizations of this construction: in the first one, we 
consider an exact sequence — > U — > V - > W — > 0. Choosing a section 
s : W — > V gives an isomorphism from U © W to V sending (u, w) to 
u + s(w), and hence as before a functor F s : Sp(C/) x Sp(H / ) —> Sp(y). This 
functor depends on s but only up to a unique natural transformation, so this 
dependance is not relevant for categorical purposes. 

Our last generalization consists in a comparison between spin structures 



on a complex and on its cohomology, equivalent to Lemma 3.3 



Lemma 7.1. Given a finite dimensional complex C* = C° — > • • • — » C n , 

we define Sp(C*) = Sp^C 1 ), and Sp(H*) = Sp^H^C*)). There is 
an equivalence of categories Sp{C*) —> Sp(H*) well-defined up to natural 
transformation. 
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Proof. In the settings of the proof of Lemma 3.3, choose objects in Sp(fP) 
and Sp(.B*). The exact sequence — > B 1 ^ 1 — > Z % — V H % — > give a functor 
from Sp(.B* -1 ) x Sp(fP) to Sp(Z*) whereas the exact sequence — > Z % — > 
C l — > B % — > gives a functor from Sp(Z l ) x Sp(£? J ) to Sp(C*). One obtains 
finally an element of Yli Sp(C l ) which we send to Sp(® i C 4 ). Applying a 
non trivial automorphism on the element of Sp(i? 4 ) do not change the result 
as this element appears twice in the result. This shows the lemma as all 
functors are well-defined up to natural transformation. □ 

Definition 7.2. A spin structure on a manifold M of dimension n is a left 
G~L(n)-principal bundle H(M) on M with a bundle map vr : K{M) TZ(M), 
the GL(n)-bundle of framings on M which intertwines the actions of GL(n) 
and GL(n). 

In short, it is a smooth collection of spin structures for all tangent spaces 
of M. Two spin structures are isomorphic if there is an isomorphism of 
GL(n)-bundles commuting with the projections on the framing bundle. We 
denote by Sp(M) the category of spin structures on a manifold M. 

The simplest example is the circle, on which there are two isomorphism 
classes of spin structure that we obtain in the following way. 

1. Identify all tangent spaces of M/Z with IR and take the same spin struc- 
ture on this "constant" tangent space. 

2. Consider S 1 C IR 2 and consider the induced spin structure, using the 
trivial spin structure in M 2 as above and the equivalence Sp(T5' 1 ) x 
Sp(iV) ~ Sp(lR 2 |si) where iV is the (trivial) normal bundle of S 1 in IR 2 . 

In the first case, the bundle ^(S" 1 ) is a trivial covering of TZ^S 1 ) whereas the 
covering is non trivial in the second case. Much more generally, a manifold M 
admits a spin structure if and only if its second Stiefel- Whitney class W2(M) 
vanishes and in that case, isomorphism classes of spin structures form an 
affine space directed by H 1 (M,Z 2 ). 



In the case of moduli spaces of closed surfaces, Lemma |7.1| gives us the 
following proposition. 

Proposition 7.3. Let S be a closed surface. There is a well-defined spin 
structure on A'l re5 (S, SU(2)). More precisely, we define a functor 

F : Sp(H*(Z,R) ®g)^ Sp(M re9 (Z, SU(2)). 
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Proof. This is a direct consequence of Lemma 7. 1 as we have an equivalence 
of categories Sp(if*(E, Ad p )) ~ Sp(C*(£, Ad p )). The second category do 
not depend on p since p appears only in the differnetials. Hence, all these 
categories are identified together. In the case where p is irreducible, the first 
category reduces to Sp(if 1 (E, Ad p )) ~ Sp(T[ p ]A / l(S)). On the contrary, if 
p is the trivial representation, the first category reduces to Sp(if*(£, (?)) = 
Sp(if*(£, R) <g) Q) hence proving the proposition. □ 



7.2 Lagrangian foliations 

The main ingredient in the geometric quantization of symplectic manifolds 
(M, oS) (for real polarizations) is a Lagrangian foliation, that is an integrable 
distribution of Lagrangian subspaces of TM. For our purposes,we will sup- 
pose that this foliation may have singularities and that its leaves are the 
regular fibers of a map tc : M — > B which is a submersion over a dense open 
subset of B. Asking that the fibers are Lagrangian is equivalent to asking 
that all functions on M written as / o tc for / : B — > R Poisson commute. 
Let us give a list of classical examples to keep in mind: 

1. Let V be a symplectic vector (or affine) space, then any linear La- 
grangian subspace L of V gives such a foliation and the fibration is 
given by the quotient V — » V/L. 

2. Given a manifold M, its cotangent space T*M is a symplectic manifold 
foliated by the individual cotangent spaces. The fibration we are look- 
ing at is the natural projection tc : T*M — > M. This model corresponds 
physically to the canonical quantization of M. 

3. Let (V, u, q) be a symplectic plane with a positive quadratic form q. 
The level sets of q give a foliation of V minus its origin. The map 
q : V — > M + is our desired fibration with as a singular fibre. This 
model is referred to as the harmonic oscillator. 

4. Let (E, q) be an oriented 3-dimensional euclidian space. Let a be a 
positive number and S = g _1 (« 2 ) be the sphere of radius a. Then the 
sphere S inherits a symplectic structure where symplectic frames at x 
are by definition couples (v, w) tangent to S such that the determinant 
of (v,w,x) is a 2 . Any linear form A on £ restricts to a lagrangian 
fibration S — >■ R with two singularities, its maximum and minimum. 
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The example we are interested in is A4(E, SU(2)). Given a pants decompo- 
sition of E with cutting curves ('Jijiei, we get a map h : .M(E) — > [0,7r] J . 
We showed in the last section that this map takes its values in a polyhedron 
A C [0, 7r] J and that it is a Lagrangian fibration over the interior of A. 

7.3 Bohr-Sommerfeld leaves 

Let (M, u) be a symplectic manifold. We will ask that there is a prequantum 
bundle £ over M, a spin structure s G Sp(M) and a lagrangian fibration n : 
M — y B maybe with singularities. The first condition is a symplectic one: a 
prequantum bundle exists if and only if u/2it is an integral class in H 2 (M, R). 
The second is topological as a spin structure exists iff W2(M) =0. In both 
cases, there is no unicity unless H l (M,7*) = 0. The geometric quantization 
process gives a way for constructing a Hilbert space from these data which 
is finite dimensional if M is compact and on which functions factorizing 
with the projection n : M — >■ B have a natural quantization as operators. 
Moreover, quantizations coming from different lagrangian foliations can be 
compared by using a pairing introduced by Blattner, Kostant and Sternberg. 

7.3.1 Half- form bundle and quantization 

Let L be a Lagrangian submanifold of a symplectic manifold (M, oo) with spin 
structure s. We will define in this section a bundle det 1//2 L, square root of 
the line bundle of volume elements on L. We start with some preliminaries. 

Consider on M. 2n the symplectic form £V dxi Adyi where we used standard 
coordinates (x\, . . . , x n , yi, . . . , y n ). Any basis (ei, . . . , e„) of 1R™ can be ex- 
tended to a unique symplectic basis (ei, . . . , e n , j\, . . . , /„) of IR 2n adapted to 
the decomposition M 2n = !R n ©lR n . This gives a map from GL(n) to GL(2n). 
Pulling back the bundle GL(2n) — )-GL(2n), we get a new group GL(n) with 
a projection to GL(n). This group is called the metalinear group and has 
the following down to earth description: it is isomorphic as a group to the 
direct product GL + (n) x Z4 with the projection to GL(n) given by the map 
(A, x) — y (— 1) X A. There is an important morphism det 1 ^ 2 : GL(n) — y C 
defined by det 1/2 (A,x) = ^/det(A)i x . Its square is the pull-back of the usual 
map det : GL(n) ->• R. 

Let V be any symplectic vector space V with a spin structure TZ(V) and 
suppose it is symplectomorphic to L © L* (such a symplectomorphism is 
equally described by a pair of transverse Lagrangians L and L', where L' is 
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the image of L*). We can define a complex line det 1 ^ 2 (L) in the following 
way. Pulling-back the spin structure of V to L as above, we get a metalin- 
ear structure on L i.e a set 7t(L) homogeneous under GL(n). We define 
det 1/2 (L) = K(L) xC/~ where (hs, z) ~ (s, det 1/2 (h)z) for any /i in GL(ra). 
As expected we have a natural isomorphism det 1 ^ 2 (L)® 2 ~ det(L). 

We are ready to define the half-form bundle of a Lagrangian submanifold 
in a spin symplectic (called metaplectic) manifold (M,u,s). Let L be such 
a submanifold, and L' be a Lagrangian subbundle of TM\l transverse to 
TL. Topologically, there is neither obstruction nor choice to find such a 
subbundle. Applying the preceding construction to all tangent spaces TL t 
for / G L give the line bundle det 1/,2 (L) that we are looking for. We will often 
denote it by S for short. 

In the case where L is a regular fibre of a lagrangian fib ration ir : M — > B, 
there is an isomorphism between the cotangent space T*L at any point / G L 
and the tangent space TB at In other words, the tangent and cotangent 
spaces of lagrangian fibres are naturally trivialized. This isomorphism comes 
from the identification of T*L with the normal bundle NL via uj and the 
derivative of ir. Thanks to this isomorphim, one can give a flat structure to 
TL and to all its associated bundles like det(L) or det 1//2 (L). This explains 
why the half-form bundle 5 is indeed a flat hermitian bundle on L. The 
underlying connection on it is often called the Bott connection. 

Definition 7.4. Let (M, u, C, s) be an enriched symplectic manifold and let 
7r : M — > B be a Lagrangian fibration. Then we will say that a fibre L of n 
is a Bohr-Sommerfeld fibre if there are non-trivial covariant flat sections of 
C <E> 5 over L. The space of all these sections will be denoted by H(L, £<g>5). 

If L is connected, then T-L = T-L(L, C<g>5) is 1-dimensional. If moreover L is 
compact, then there is an hermitian structure on the dual %* = T-L(L, £*®5*) 
inducing one on 7i. Indeed, if A is a section of 5* = det _1/2 (L) then AA is a 
non negative density on L. We set \s ® A| 2 = J L |s| 2 AA. 

Let BS be the subset of B parametrizing Bohr-Sommerfeld fibres. Then 
to each b in BS we have a complex line r H(n~ 1 (b), C <g> 5) (provided that 
7r _1 (6) is connected). We will denote by TL(M,jC <g> 5) the space of sections 
of this line bundle over BS - roughly speaking, this is the space of sections 
of C <g> 5 over M covariantly constant along the fibres of it. This rather ad 
hoc definition is motivated by the fact that H(M, £®5) has a natural inner 
product defined by (si <S> \i,s 2 <S> A 2 ) = J BS {si, S2)AiA 2 . In this formula, 
BS is the subset of B describing Bohr-Sommerfeld fibres supposed to be a 
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codimension submanifold of B whereas AiA 2 is a density on BS and then is 
ready to be integrated. There is a family of possibilities from compact fibres 
and discrete Boh-Sommerfeld set to non compact fibres and codimension 
Bohr-Sommerfeld set. This is best understood with examples. 

7.3.2 Standard examples 

1. If (V, uj) is a symplectic vector space, we construct a prequantum bundle 
C by taking the trivial bundle V x C with connection d — A where A is 
a 1-form on V such that dA = ^ui. Let L be a linear lagrangian in V 
and take a spin structure 7Z(V) on V. For auxilliary purposes, we also 
choose a Lagrangian L' transverse to L. We explained in the last section 
that these data produce a complex line det 1 ^ 2 (L) which is isomorphic to 
det _1 ^ 2 (L'). Moreover, sections of C constant along L are determined 
by their restriction to V: the quantization procedure reduces then to 
sections of det _1 ^ 2 (L') as all fibres are Bohr-Sommerfeld. This space 
is called the intrinsic Hilbert space of V as for any section A of it, the 
quantity AA can be integrated and the space of integrable sections is an 
Hilbert space. Certainly, different choices of L' give isomorphic spaces 
although the isomorphism has to be computed using parallel transport 
along L. 

2. If M is any manifold, we can construct a prequantum bundle C on 
T*M by taking the product T*M x C with connection d — ^A where A 
is the Liouville 1-form. A spin structure on T*M induces a metalinear 
structure on M and finally a square root 5 of the line bundle det(M)*. 
The quantization associated to it will be the set of sections of 5 over 
M, that is the intrinsic Hilbert space of M (again, all fibres are Bohr- 
Sommerfeld) . 

3. In the case of the harmonic oscillator (V,u,q), we consider any pre- 
quantum bundle £ over V (constructed as before) and a fixed spin 
structure on V. The fibres are the circles q~ l {ct) for a > 0. The holon- 
omy of C along this leaf is e lA where A is the symplectic area enclosed 
by q^ 1 (a). The half- form bundle 5 restricts to each leaf to a flat non 
trivial line bundle. Its holonomy is then —1. Finally, Bohr-Sommerfeld 
fibres correspond to the values a such that — e lA = 1 where A = ca 
and c is the volume of the disc g _1 ([0, 1]). This forces a to be of the 
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form k/c where k an odd integer, correspondingly to the spectrum of 
the harmonic oscillator. 

4. Finally, the case of the sphere will be the most interesting one for us 
as it is the only compact example. Recall that we saw the sphere as 
the level set q~ l (a 2 ) and our normalization is such that its symplectic 
volume is 27ra. Then, we will be able to find a prequantum bundle £ 
if and only if a is an integer. Let A : V — » M. be a (unit) linear form 
and choose a spin structure s on S (unique up to homotopy). Regular 
fibres of A are circles on which 5 is as before a non trivial flat bundle. 
The holonomy of C along a fiber A -1 (Z) is e tA where A is the symplectic 
area enclosed by the circle. The quantity A/2tt is an integer if and only 
if I is an integer satisfying |/| < a and / = a mod 2. Hence, Bohr- 
Sommerfeld orbits correspond to integers I satisfying |/| < a and I ^ a 
mod 2. 



7.3.3 The case of moduli spaces 

Consider the settings of Section [6j As before S will denote a closed surface 
of genus g and the aim of this section is to investigate the quantization of 
.M rcg (£, SU(2)) with its symplectic form u and Chern-Simons bundle C. For 
more generality, we will consider an integer K called the level and multiply 
the symplectic form by K. This new symplectic form admits C® K as a 
prequantum bundle. The spin structure is the one defined in Section [7~T] and 
the lagrangian fibration comes from the map h : .M(£) — > [0, tt} 1 sending [p] 
to (h^.(p) ie i where / indexes a maximal system of cutting curves (7i)i e /. We 
need now to determine which fibers are Bohr-Sommerfeld, and to do this we 
must compute the holonomy of C® K and 5 along the fibres which are tori 
of the form M 7 /A. Hence, it is sufficient to compute the holonomy of both 
bundles along the generators of A. We do this in the following two next 
propositions. 

Proposition 7.5. Fix i £ I and (ctj) in Int(A). Pick p e A4°(X) such that 



h(p) = (ai). Let ei and e v be the generators of A described in Section 6.2 

• The holonomy of £® K along the path Ci is e~ 2lKoLi . 

• The holonomy along the path e v for edges i,j,k incident to the same 
vertex v is e - lK ( a ^+ a o+ a k) ^ 
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Proof. Orient all curves 7, and choose a cylinder : S 1 x [0, 1] — > £ around 
them. Let A be a flat connection in f2^(£, su(2)) representing p and sup- 
pose that it normalized along each cylinder: in formulas there are vectors 



£i in su(2) such that fy*A = ^dt. We showed in Proposition 6.2 that 
the Hamiltonian flow of hi changes A to A? = Q^A such that ^*Aj< = 
£dt — ^^(p(s)ds. Suppose that at time T the element of C is represented by 



(At, 0t) e Ql(Z,su(2)) x R/2nZ with 9 = 0. Then as in Section [oT2| this 
path in C is parallel if and only if \(-^(A T , 6 T )) = 0' T — j- f^{A T , A' T ) = 0. 
This equation reduces to 9' T = — and 9t = — z}§~- A computation shows 
that (v4 47r , 6*4^) is equivalent to (A, — \/2|^|). This proves the first result as 

To compute the second term, we only need to replace 4tt with 27r and 
take into account the contributions of the three curves and 7^. The 

pair (A, 0) is transported to (A, — g (l£e| + + ICsD) which gives the second 
result of the proposition. □ 

It remains to compute the holonomy of the half-form bundle 5 along the 
fibre which we do in the following proposition. 

Proposition 7.6. Let L be the distribution of Lagrangian subspaces mTA^°(S) 
given by L p = ker D p h. Denote by 5 the bundle det 1 ^ 2 (L) as before. Then 
the holonomy of 5 is 1 along e» and —1 along e v . 

Proof. We prove this proposition by considering half-periods: suppose that 
two representations pi,p2 : tti(S) — > SU(2) are the same when composed 
with the projection SU(2) — >SO(3). Then, because Ad Pl = Ad P2 , we have 
T[ pi ]Al(E) = X[ P2 ].M(£). Moreover, if we start the flow $ 7 from a represen- 
tation p during a time 2tt, we reach the representation 7*p where 7* is the 
Poincare dual of 7 in if 1 (E,Z 2 ) = Hom(7r 1 (S), {±1}). This fact is a direct 



consequence of the expression of the flow in Section |6.2| Finally, the map h 
satisfies h(j#p) = ±h(p). This shows that the Lagrangian subbundles at p 
and 7*p correspond so that we are allowed to compute the holonomy of 5 
along that path. If we show that this holonomy is —1 we prove the propo- 
sition as ej is a composition of 2 such paths and e v is a composition of 3 of 
them. 

As Int(A) is convex, all fibers of h are isotopic and the holonomy of 8 do 
not depend on which fiber we consider. Let us do the computation in the 
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following case: let A^Bi be the standard generators of 7Ti(£) satisfying the 
following relation with n even: 

Then we define an element p of A^°(S) by setting = i, p(Bi) = j. 

Suppose that 7 is the curve represented by A 1 and set [p t ] = [p\. Then we 
set pt{B\) = je 1 */ 2 and the other values are unchanged. 

The cell decomposition of £ consists in one 0-cell, 2n 1-cells and 1 2- 
cell. We identify C (£,Ad Pt ) and C 2 (£,Ad pt ) with su(2) and C^S.Ad^) 
with su(2) 2ri . The differentials d/i 7i belong to iJi(£,Ad p ) and generate L*, 
the dual of the Lagrangian subspace we are interested in. This elements are 
represented as twisted cycles by 7$ <8> fi were fi is a non zero element of su(2) 
fixed by Ad p ( 7i ). This shows that all of them can be represented in C\ by 
vectors which do not depend on t. Let us denote them by for % e In 
order to understand the metalinear structure on L, we need to extend this 
basis to a symplectic basis of if-^E). We obtain in that way vectors Gi for 
% in I. We can choose them arbitrarily for t — and modify them in the 
vicinity of 7 for t > 0. By this procedure, we can suppose that only the first 
two projections of the vectors Gi depend on t. 

Considering a fixed basis of C2, we push it to C\ with the injective map 
d 2 and get 3 vectors Ui, U2, U3. At the same time, we consider three vectors 
Vi,V2, V3 in C\ whose image by d\ is a fixed basis of Co. By construction we 
get a basis (T4, V 2 , V3, U\, U 2 , U 3 , Fi, Gi) of C±. This basis depends on t and 
defines for t G [0, 2tt] a closed path in GL(Ci). The holonomy we are looking 
for is the homotopy class of this path. 

To compute this path, we use the decomposition of C\ into blocks corre- 
sponding to Ai, B\ on one side and the other generators on the other side. 
First, we have «9i(^,^) = J2i ( Ad pt(Ai)6 + ^ Pt(Bz) r]i - ^). In particu- 
lar, 0i (f 1,771) = i^ii^ 1 + je^^iQe 1 */ 2 ) -1 so that d^-jz/2, -ix/2) = ix + jz 
for x E R and z E C so that we can set Vi = (0, -i/2), V 2 = (-j/2, 0), V3 = 
(k/2,0). 

On the other hand, we compute 

9 2 (0 = (i^r 1 - ke^e-^k- 1 , fce^ee-^'A;- 1 - je^e-^j" 1 , . . .) 

where the dots mean the remaining components which do not depend on t. 
We obtain U, = d 2 {i) = (2i, 0, . . .), U 2 = d 2 (j) = (-j^+l), -2je it , . . .), U 3 = 
d 2 (k) = (k(l-e i '),-2ke it ,...). 
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Writing the matrix of this basis we find a matrix M(t) with the property 
that its derivative is block triangular with on the diagonal zeros and one 
2*2 rotation matrix R t of angle t. This proves that in GL(Ci), this path 
is not topologically trivial as the inclusion of GL 2 C GL n at the level of 
fondamental groups sends R t to the generator. This ends the proof in our 
case. One can show it for odd genus and separating curve 7 by considering 
other examples which are similar. □ 

Putting these results together, we find that Bohr-Sommerfeld orbits are 
parametrized by tuples where cr, are integers belonging to [1, K — 1] 

and satisfy the conditions that for all triples k of adjacent edges, 

1. Oi < Oj + a k 

2. o"j + (Tj + ak is odd. 

3. CTj + CTj- + CTfc < 2K. 

These conditions are referred to as quantum Clebsch-Gordan conditions and 
describe a basis of the quantization of as constructed for instance in 

|BHMV] . 

7.4 Going further 

At this point, we defined the geometric quantization of the moduli space 
as a finite dimensional Hilbert space depending on a Lagragian fibra- 
tion, itself depending on a pants decomposition of S. The theory can be 
developped in the following directions: 

1. Some easy developments: count the number of Bohr-Sommerfeld fibers 
and compare to the Verlinde formula (the dimension of conformal blocks, 
see |BK01] or |BHMVj ). Explain how the functions hi are quantized 
and act naturally on the quantization. This also provides a quantiza- 
tion of the Dehn twists acting on with an explicit spectrum. 

2. Given an other pants decomposition, we have a new construction of 
the quantization which can be compared to the previous one. Suppose 
that the fibrations are transverse to each other. Then the half-forms 
sections can be intersected and give a pairing between the two quan- 
tizations called Blattner-Kostant-Sternberg pairing (BKS pairing, see 
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|GS77| IBW97j ). It is not clear wether this pairing gives a unitary 
isomorphism between the two quantizations. If so, it would give a 
satisfactory description of the quantization of where all trace 

functions would be quantizable, and the action of the mapping class 
group of S would extend to the quantization. 

3. A 3-manifold M bounding E produces a Lagrangian immersion Ai (M) — >■ 

with a flat section CS of the bundle C and a volume form T on 
Ai(M). If we manage to find a well-defined square root of this form, we 
obtain a semi-classical state associated to M. Using the BKS-pairing, 
this states may be viewed as a vector belonging to any quantization, 
see |.TW94j . 

4. All these data should sit into a Topological Quantum Field Theory 
(TQFT), that is may have functorial properties with respect to the 
gluing of 3-manifolds along their boundaries. Moreover, we expect that 
this TQFT appears as the semi-classical approximation of a family of 
TQFTs indexed by the integer K called level. These TQFTs may be 
constructed either by geometric quantization (with complex polariza- 
tion, see |Wi89l I At 90] ) or with link polynomials and quantum groups 
(see [RT9T1 IBHMV] ). 

References 

[AB83] Atiyah M. F. and Bott R. The Yang-Mills equations over Riemann 
surfaces. Philos. Trans. Roy. Soc. London Ser. A 308:291-326, 1999. 

[At90] Atiyah M. F. The geometry and physics of knots. Cambridge Univer- 
sity Press, 1990. 

[BK01] Bakalov B. and Kirillov A. Jr. Lectures on Tensor Categories and 
Modular Functors AMS, 2001. 

[BW97] Bates S. and Weinstein A. Lectures on the Geometry of Quantiza- 
tion. AMS, 1997. 

[BHMV] Blanchet C, Habegger N., Masbaum G. and Vogel P. 

[1] Topological Quantum Field Theories derived from the Kauffman bracket 



45 



[2] Topology 34:883-927, 1995. 

[BZ95] Burde G. and Zieshang H. Knots. Walter de Gruyter, 1985. 

[CS83] Culler M. and Shalen P. B. Varieties of group representations and 
splitting of 3-manifolds. Annals of Mathematics 117:109-146, 1983. 

[Fr95] Freed D. S. Classical Chern-Simons theory, 1 Adv. Math. 113:237-303, 
1995. 

[Gol84] Goldman W. The symplectic nature of the fundamental groups of 
surfaces. Adv. Math. 54:200-225, 1984. 

[G0I86] Goldman W. Invariant functions on Lie groups and Hamiltonian 
flows on surface group representations. Invent. Math. 85:263-302,1986. 

[GS77] Guillemin V. and Sternberg S. Geometric Asymptotics Math. Surveys 
of the AMS, 1977. 

[Ha02] Hatcher A. Algebraic Topology Cambridge University Press, 2002. 

[JW92] Jeffrey, L. C, Weitsman, J. Bohr-Sommerfeld orbits in the moduli 
space of flat connections and the Verlinde dimension formula. Comm. 
Math. Phys. 150(3) :593-630, 1992. 

[JW93] Jeffrey, L. C, Weitsman, J. Half density quantization of the moduli 
space of flat connections and Witten's semiclassical manifold invariants. 
Topology 32(3):509-529, 1993. 

[JW94] Jeffrey, L. C. and Weitsman, J. Toric structures on the moduli space 
of flat connections on a Riemann surface: volumes and the moment map 
Adv. Math. 106(2):151-168, 1994. 

[K191] Klassen, E. P. Representations of knot groups in SU(2). Trans. Amer. 
Math. Soc. 326(2):795-828, 1991. 

[La07] Labourie, F. Representations of Surface Groups. Course at ETH- 
Ziirich, Fall 2007. 

[Le91] Le T. T. Q. Varieties of representations and their subvarieties of ho- 
mology jumps for certain knot groups. Russian Math. Surveys 46(2):250- 
251,1991. 

46 



[Ma07] Marche, J. The Kauffman bracket at preprint 

[RSW89] Ramadas, T. R., Singer, I. M. and Weitsman, J. Some comments on 
Chern-Simons gauge theory. Comm. Math. Phys. 126(2):409-420, 1989. 

[RT91] Reshetikhin N. and Turaev V. Invariant of 3-manifolds via link poly- 
nomials and quantum groups. Invent. Math. 103:547-597, 1991. 

[Sch56] Schubert, H. Knoten mit zwei briicken. Math. Z. 65:133-170, 1956. 

[Tu02] Turaev V. Torsions of 3-dimensional manifolds. Progress in Math. 
208,2002 

[Wi89] Witten, E. Quantum field theory and the Jones polynomial. Comm. 
Math. Phys. 121(3):351-399, 1989. 



47 



